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Background

Consider
dXt = b(Xt) dt+ dLt, X0 = x,

dYt = b(Yt) dt+ dBt, Y0 = x,

where Lt is an α-stable process and Bt is a B.M. in Rd.

E ei ξLt = e−t|ξ|
α α ↑ 2−−→ e−t|ξ|

2
= E ei ξBt

Lt
α ↑ 2−−→ Bt

Natural question: Xt
α ↑ 2−−→ Yt?

Liu (JMAA 2022, SPA 2022, JDE 2022)

Further (informal) question: X∞
α ↑ 2−−→ Y∞?
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Motivation

dXt = b(Xt) dt+ dLt, X0 = x,

dYt = b(Yt) dt+ dBt, Y0 = x,

where Lt is an α-stable process and Bt is a B.M. in Rd.

Ergodicity: LXt
→ µα and LYt → µ2, as t→∞.

Our question: µα
α ↑ 2−−→ µ2?

Convergence rate?
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Main result

dXt = b(Xt) dt+ dLt, X0 = x,

dYt = b(Yt) dt+ dBt, Y0 = y.

Assumption: ‖∇b‖∞ <∞, ‖∇2b‖∞ <∞, ‖∇3b‖∞ <∞, and

lim sup
|x−y|→∞

〈x− y, b(x)− b(y)〉
|x− y|2

< 0.

Typical Exam.: b(x) = −x+ ’small pertubation’.

Theorem (D.-Schilling-Xu, 2023+)

For any x, y ∈ Rd and t > 0,

W1

(
LXx

t
,LY yt

)
≤ C1e−C2t|x− y|+ C(2− α).
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Optimal rate: 2− α? O-U case

dXt = −Xt dt+ dLt, µα = Lα−1/αL1
,

dYt = −Yt dt+ dBt, µ2 = L2−1/2B1
.

W1(µα, µ2) = inf
Π∈C (µα,µ2)

∫∫
|x− y|Π(dx, dy)

≥ inf
Π∈C (µα,µ2)

∣∣∣∣∫∫ |x|Π(dx, dy)−
∫∫
|y|Π(dx, dy)

∣∣∣∣
=

∣∣∣∣∫ |x|µα(dx)−
∫
|y|µ2(dy)

∣∣∣∣
=
∣∣E∣∣α−1/αL1

∣∣− E
∣∣2−1/2B1

∣∣∣∣
� (2− α).

Remark: The rate 2− α is sharp for the O–U case.
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Sketch of proof

dXt = b(Xt) dt+ dLt, Pt, A P ,

dYt = b(Yt) dt+ dBt, Qt, A Q.

Proof: It suffices to bound |A P −A Q| since (Duhamel formula)

W1

(
LXx

t
,LY y

t

)
= sup
h∈Lip(1)

|Pth(x)−Qth(x)|

= sup
h∈Lip(1)

∣∣∣∣∫ t

0

d

ds
Qt−sPsh(x) ds

∣∣∣∣
= sup
h∈Lip(1)

∣∣∣∣∫ t

0

Qt−s(A
P −A Q)Psh(x) ds

∣∣∣∣ .
A P f = 〈∇f, b〉+

∫
Rd\{0}

[
f(·+ z)− f(·)− 〈∇f(·), z〉1{|z|≤1}

] Cd,α
|z|d+α

dz,

A Qf = 〈∇f, b〉+ 1

2
4f.
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Sketch of proof

dXt = b(Xt) dt+ dLt, Pt, A P ,

dYt = b(Yt) dt+ dBt, Qt, A Q.

In order to bound |(A P −A Q)Psh|, we need the following gradient estimate.

Lemma

For any h ∈ Lip(1) and t ∈ (0, 1],

‖∇Pth‖∞ ≤ C,

‖∇2Pth‖∞ ≤ Ct−1/α,

‖∇3Pth‖∞ ≤ Ct−2/α.

Remark: For h ∈ Bb(Rd) and t ∈ (0, 1],

‖∇Pth‖∞ ≤ Ct−1/α.

See e.g. Zhang, SPA 2013.
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Gradient estimate

Lemma

For any h ∈ Lip(1) and t ∈ (0, 1],

‖∇Pth‖∞ ≤ C,

‖∇2Pth‖∞ ≤ Ct−1/α.

Sketch of proof:

∇vPth(x) = E[∇h(Xx
t )∇vX

x
t ].

∇v2∇v1Pth(x) = E [∇h(Xx
t )∇v2∇v1Xx

t ] + E
[
∇2h(Xx

t )∇v2Xx
t ∇v1Xx

t

]
.

Technique: Time-change (Lt = BSt) and Malliavin calculus.
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Summary

dXt = b(Xt) dt+ dLt, µα = LX∞ ,

dYt = b(Yt) dt+ dBt, µ2 = LY∞ .

Assumption: ‖∇b‖∞ <∞, ‖∇2b‖∞ <∞, ‖∇3b‖∞ <∞, and

lim sup
|x−y|→∞

〈x− y, b(x)− b(y)〉
|x− y|2

< 0.

Our result: W1 (µα, µ2) ≤ C(2− α).

Question: 1) Other distance d (µα, µ2)?

2) More general coefficients?

3) . . . . . .
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The end

Thanks for Your Attention!
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