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Based on a joint work with R. Schilling (Dresden) and L. Xu (Macau):
arXiv: 2302.03372
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Background

Consider
dX; =b(Xy)dt +dL;, Xo=z,

dY, = b(Y,) dt +dB,, Y, =z,

where L; is an a-stable process and B; is a B.M. in R?,
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Background

Consider
dX; =b(Xy)dt +dL;, Xo=z,

dY, = b(Y,) dt +dB,, Y, =z,

where L; is an a-stable process and B; is a B.M. in R?,
) Eelth — eft‘ﬂa Oé_TQ) eft|£|2 — Eelth

2
o L, % B,

. 2
o Natural question: X; AN Y,?
Liu (JMAA 2022, SPA 2022, JDE 2022)
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Background

Consider
dX; =b(Xy)dt +dL;, Xo=z,

dY, = b(Y,) dt +dB,, Y, =z,

where L; is an a-stable process and B; is a B.M. in R?,

o FEeislt — o—tlEl® OC_T% et = £ ei€B
at?2
o Lt — Bt

. 2
o Natural question: X; ot Y;?
Liu (JMAA 2022, SPA 2022, JDE 2022)

e Further (informal) question: X, 212 y?
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dX, = b(X,)dt +dL,, X, =z,
aY, = b(Y,) dt +dB;, Yy =z,

where L, is an a-stable process and B, is a B.M. in R¢.
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dX, = b(X,)dt +dL,, X, =z,
aY, = b(Y,) dt +dB;, Yy =z,

where L, is an a-stable process and B, is a B.M. in R¢.

o Ergodicity: Zx, — po and £, — po, as t — o0,
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dX, = b(X,)dt +dL,, X, =z,
aY, = b(Y,) dt +dB;, Yy =z,

where L, is an a-stable process and B, is a B.M. in R¢.
o Ergodicity: Zx, — o and £y, — po, as t — 00,

: 12
o Our question: f, LN o?
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dX, = b(X,)dt +dL,, X, =z,
aY, = b(Y,) dt +dB;, Yy =z,

where L, is an a-stable process and B, is a B.M. in R¢.

o Ergodicity: Zx, — o and £y, — po, as t — 00,

: 2
o Our question: [, LAEN o

o Convergence rate?
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Main result

dXt = b(Xt) dt ‘I— st7 X() =x,
A, = b(Y;)dt + dB,, Yo =y.

Assumption: ||Vb||w < 00, [|[V2b||e < 00, ||[V3b||e < 00, and

e ) =)
|z—y|—o0 |3j - y|

< 0.
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Main result

dXt = b(Xt) dt ‘I— st7 X() =x,
A, = b(Y;)dt + dB,, Yo =y.

Assumption: ||Vb||w < 00, [|[V2b||e < 00, ||[V3b||e < 00, and

(. —y,b(x) = b(y))

lim sup 5 < 0.
|z—y|—o0 |3j - y|
Typical Exam.: b(x) = —x+ 'small pertubation’.
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Main result

dXt = b(Xt) dt ‘I— st7 X() =x,
A, = b(Y;)dt + dB,, Yo =y.

Assumption: ||Vb||w < 00, [|[V2b||e < 00, ||[V3b||e < 00, and

(. —y,b(x) = b(y))

lim sup 5 < 0.
|z—y|—o0 |3j - y|
Typical Exam.: b(x) = —x+ 'small pertubation’.

Theorem (D.-Schilling-Xu, 2023+)

For any z,y € R? and ¢ > 0,

Wl (gxf,gy;y) S Cle_CQt’$ - y[ T 0(2 — O_/).
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Main result

dX; =b(Xy) dt +dL;, Xy =z,
dY; =0(Y;) dt +dB;, Yy =uy.
Assumption: ||Vb||w < 00, [|[V2b||eo < 00, ||[V3b||ee < 00, and

Jim sup (z —y,b(z) — b(y))

< 0.
|z—y|—o0 |‘T - y|2

Corollary (D.-Schilling-Xu, 2023+)

Wi (pa, pr2) < C(2 = ).
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Main result

dX; =b(Xy) dt +dL;, Xy =z,
dY; =0(Y;) dt +dB;, Yy =uy.
Assumption: ||Vb||w < 00, [|[V2b||eo < 00, ||[V3b||ee < 00, and

Jim sup (z —y,b(z) — b(y))

< 0.
|z—y|—o0 |‘T - y|2

Corollary (D.-Schilling-Xu, 2023+)

Wi (pa, pr2) < C(2 = ).

Proof:

Wi (pas pr2) < Wi (pra, Lxcz) + Wi (L, Lyy) + Wi (Lyps p2) -
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Optimal rate: 2 — a? O-U case

dXt = _Xt dt + st, Mo = ga_l/aLp
dY; = —Y; dt -+ dBt, Mo = 9?271/231.
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Optimal rate: 2 — a? O-U case

dXt = _Xt dt + st, Mo = ga_l/aLp
dY; = —Y; dt -+ dBt, Mo = 9%71/231.

Wi (tas o) = ne#(rii,m) // |z — y|TI(dz, dy)
inf [I(dx, dy) H dx,d
st | [ elnaeay - [[ wings.an)

[ttt ~ [ Iy!uz(dy)‘

= [E|a”L,| — E[27/2B]|
= (2— ).

Vv
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Optimal rate: 2 — a? O-U case

dXt = _Xt dt + st, Mo = ga—l/aLl,
dY; = —Y; dt -+ dBt, Mo = 9%71/231.

Wilptaope) = _int [ [o = yiTi(de.dy)
inf [I(dx, dy) II(dx,d
| [ elaean - [[ wings.an)

[ttt ~ [ Iy!uz(dy)‘

= [E|a”L,| — E[27/2B]|
= (2— ).

Vv

Remark: The rate 2 — « is sharp for the O-U case.
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Sketch of proof

dXt = b(Xt) dt + st, Pt, WP,
dY; = b(Y;) dt + dB;, Q, 9.
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Sketch of proof

dXt = b(Xt) dt + st, Pt, %P,
dY; = b(Y;) dt + dB;, Q, 9.

Proof: It suffices to bound &/ — .&7?| since (Duhamel formula)

Wi (Zxp. Lyp) = sup  |Pih(z) — Qih(z)]

heELip(1)
tq
= sup / — Qt—sPsh(x)ds
heLip(1) [Jo ds
t
= sup /Qt_s(%P—%Q)Psh(m)ds.
reLip(1) |Jo
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Sketch of proof

dXt = b(Xt) dt + st, Pt, %P,
dY; = b(Y;) dt + dB;, Q, 9.

Proof: It suffices to bound &/ — .&7?| since (Duhamel formula)

Wi (Zxp. Lyp) = sup  |Pih(z) — Qih(z)]

RELip(1)
td
= sup /—Qt_sPSh(x)ds
heLip(1) [Jo ds
t
= sup /Qt_s(%P—%Q)Psh(m)ds.
reLip(1) |Jo
APF= VL0t [ [f42) — 1O~ (VIO A erey] e d
) R\ (0} ) {lz]<1} |z[d+a =

%Qf:(Vf,b)wL%Af.
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Sketch of proof

dX; = b(X,)dt +dL,, P, @t
dY, = b(Y;) dt + dB,, Q., C.

In order to bound |(&/F — o7 ?)Psh|, we need the following gradient estimate.
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Sketch of proof
dX; = b(X,)dt +dL,, P, &%,
dY, = b(Y;) dt + dB,, Q., C.

In order to bound |(&/F — o7 ?)Psh|, we need the following gradient estimate.

For any h € Lip(1) and ¢ € (0, 1],

IVEh| - < C,
IV?Pih||o < G,
|V3P,hlo < Ct=2/e,
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Sketch of proof
dX; = b(X,)dt +dL,, P, &%,
dY, = b(Y;) dt + dB,, Q., C.

In order to bound |(&/F — o7 ?)Psh|, we need the following gradient estimate.

For any h € Lip(1) and ¢ € (0, 1],

IVEh| - < C,
IV?Pih||o < G,
|V3P,hlo < Ct=2/e,

Remark: For i € %,(R?) and t € (0, 1],
IV PR < Ct 1o,

See e.g. Zhang, SPA 2013.
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Gradient estimate

For any h € Lip(1) and t € (0, 1],

IVPA|w < C,
IV2Ph|o < OtV
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Gradient estimate

For any h € Lip(1) and t € (0, 1],

IVPA|w < C,
IV2Ph|o < OtV

Sketch of proof:

Vobih(z) = E[VA(X])V, XF].
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Gradient estimate

For any h € Lip(1) and t € (0, 1],

IVPA|w < C,
IV2Ph|o < OtV

Sketch of proof:
Vo Ph(z) = E[VA(X])V, X]].

Vi, Vi, Pih(z) = E [VR(X] )V, Vo, XF] + E [V2R(X])V 0, XV, X[ ]
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Gradient estimate

For any h € Lip(1) and t € (0, 1],

IVPA|w < C,
IV2Ph|o < OtV

Sketch of proof:
Vo Ph(z) = E[VA(X])V, X]].

Vi, Vi, Pih(z) = E [VR(X] )V, Vo, XF] + E [V2R(X])V 0, XV, X[ ]

Technique: Time-change (L; = Bg,) and Malliavin calculus.
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dXt = b(Xt) dt + st, Mo = gXoo,
AV, = b(Y,)dt +dB,, o= K.
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dXt = b(Xt) dt + st7 Mo =
AV, = b(Y,)dt +dB,, o= K.

Assumption: |[Vb||w < 00, [|[V2b||e < 00, [|[V3b||e < 00, and

|z—y|—o00 ILC - yl
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gXooa

dXt = b(Xt) dt + st7 Mo =
AV, = b(Y,)dt +dB,, o= K.

Assumption: |[Vb||w < 00, [|[V2b||e < 00, [|[V3b||e < 00, and

|z—y|—o00 ILC - yl

Our result: Wy (pa, p2) < C(2 — ).
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dXt = b(Xt) dt + st7 Mo = gXoo,
qY, = b(Y))dt + dB,, o = B
Assumption: |[Vb||w < 00, [|[V2b||e < 00, [|[V3b||e < 00, and

fmnp (2=~ H0)
|z—y|—o00 ILC - yl

< 0.
Our result: Wy (pa, p2) < C(2 — ).

Question: 1) Other distance d (1, 12)?
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dXt = b(Xt) dt + st7 Mo = gXoo,
dY; = b(Y;) dt + dB;, po = Ly, .
Assumption: |[Vb||w < 00, [|[V2b||e < 00, [|[V3b||e < 00, and

fmnp (2=~ H0)
|z—y|—o00 ILC - y'

< 0.
Our result: Wy (pa, p2) < C(2 — ).

Question: 1) Other distance d (1, 12)?

2) More general coefficients?
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Thanks for Your Attention!
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